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Abstract 
In the context of the Dragulescu-Yakovenko (2000) model, we show that 
empirical income distribution with truncated datasets, cannot be properly 
modeled by the one-parameter exponential distribution. However, a 
truncated version characterized by an exponential distribution with two 
parameters gives an accurate fit. 
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1 Introduction 
According to Dragulescu and Yakovenko (2000), the fundamental law of equilibrium statistical 
mechanics is the Boltzmann-Gibbs law, which states that the probability distribution of energy is 
of the type  ( ) exp ,P z C z T   where T is the temperature, and C is a normalizing constant. 
Using this result and assuming a closed economic system, these authors demonstrate that, for the 
countries in the steady state, income follows an exponential distribution. 
The present paper shows that empirical individual income distribution cannot be properly 
modeled by the classical exponential distribution with only one parameter (Cho, 2014; 
Dragulescu and Yakovenko, 2001a, b) when we have truncated data. This situation appears, for 
example, with a dataset including only taxpayers. We found that two-parameter exponential 
distribution can be the proper model instead of one-parameter model (see Appendix A). 
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2  Data and Methods 
We considered two datasets: the first one corresponds to individual incomes in the year 2012 for 
United States and, the second one, a truncated dataset which includes only the individual income 
for taxpayers in the period 2011-12 for United Kingdom. Tables B1 and B2, in Appendix B, 
show respectively the datasets considered, which come from the U.S. Bureau of Census (2014a, 
b) and from the U.K. HM Revenue & Customs (2014).  
We fitted one-parameter exponential model to these datasets by the method of nonlinear least 
squares. We also tested the goodness-of-fit of that model by a Kolmogorov–Smirnov test method 
based on bootstrap resampling (for more details, see Appendix A). Finally, we validated it 
graphically by comparing the observed data with the theoretical cumulative distribution function 
(cdf) of the model.  
 
3  Results and Discussion 
One-parameter exponential distribution can be ruled out as a fit to the empirical individual 
income data for truncated samples. Table 1 presents the results obtained: the parameter 
estimates, the empirical KS statistics and the bootstrap p-values for the U.S. and the U.K 
datasets. It can be seen that the one parameter model cannot be rejected in the case of the U.S. 
dataset  0.9802 0.05p   , but it is rejected for the U.K. dataset  0.0000 0.05p   . Figure 1 
shows graphically the adequacy of the one-parameter exponential model to the U.S. dataset and 
its poor fit in the case of the U.K.  
In contrast, the two-parameter exponential distribution cannot be ruled out as a fit to empirical 
individual income data, for both datasets considered. Table 2 shows the results for the two-
parameter model: the parameter estimates, the empirical KS statistics and the bootstrap p-values 
for the U.S. and the U.K datasets. It can be seen that p-values are very close to 1 in both models, 
supporting the two-parameter model in both cases. Figure 2 confirms graphically the adequacy of 
the two-parameter exponential model to both datasets. The explanation is that, while the scale 
parameter σ let us to model different countries with different sizes, the location parameter θ let us 
to solve the problem of truncated data – the U.K. dataset includes taxpayers only.  
 
4  Conclusions 
In this paper, we confirm the exponential behavior of the individual income distribution in U.S 
(2012) and U.K. (2011-12), but considering a two-parameter model instead of one-parameter 
model considered by Cho (2014); Dragulescu and Yakovenko (2001a, b). 
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Table 1: Parameter estimates, empirical KS statistics and bootstrap p-values for one-parameter 
exponential model of the U.S. (year 2012) and U.K (period 2011-12) datasets. Values of 0.05p   
indicate that exponential model can be rejected with the 0.05 level of significance. 
Dataset ˆ  KS  p value  
Support for 1-parameter 
exponential model 
U.S. (2012) 38065.8 0.0463115 0.9802 OK 
U.K. (2011-12) 30678.0 0.2129867 0.0000 None 
 
Table 2: Parameter estimates, empirical KS statistics and bootstrap p-values for two-parameter 
exponential model, of the U.S. (year 2012) and U.K (period 2011-12) datasets. Values of 0.05p 
indicate that exponential model can be rejected with the 0.05 level of significance. 
Dataset ˆ  ˆ  KS  p value  
Support for 2-parameter 
exponential model 
U.S. (2012) 36059.8 1854.97 0.0400717 0.9887 OK 
U.K. (2011-12) 17506.5 8260.56 0.0401815 0.8311 OK 
 
 
Fig. 1.  Plot of the cumulative distribution function (cdf) of the 1-parameter exponential distribution 
(solid lines) and the observed data. Left: U.S. (2012). Right: U.K. (2011-12). 
 
 
Fig. 2.  Plot of the cumulative distribution function (cdf) of the 2-parameter exponential distribution 
(solid lines) and the observed data. Left: U.S. (2012). Right: U.K. (2011-12). 
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Appendix A: Methods 
 Exponential distribution (Sarabia, 2008). 
The classical one-parameter exponential distribution is defined, in terms of the cdf, as follows: 
 ( ) Pr( ) 1 exp , 0, 0F x X x x x         
Two-parameter exponential distribution is defined, in term of the cumulative distribution 
function, as follows: 
  ( ) Pr( ) 1 exp , 0, 0.F x X x x x           
 
If θ is the truncation income parameter, the corresponding model is,  
 X X   .                                                            (A1) 
The survival function of (A1) is, 
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According to the Dragulescu-Yakovenko (2000) model, X is distributed as an exponential 
distribution and then we have, 
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The Lorenz curve corresponding to the truncated model is  
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and the Gini index is 
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 Nonlinear least squares fit of the exponential distribution: 
We fitted the exponential distribution, with one parameter and with two parameters, by solving 
respectively 
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min ( ) ( ) ( )
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


  ;  
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
  , 
where ( )n iF x  is the empirical cumulative distribution function (see tables B1,B2), ( )iF x is the 
theoretical cumulative distribution function mentioned before and n is the sample size.  
Nonlinear least squares estimates of σ (and θ) were computed by numerical methods, using the 
Mathematica (Wolfram Research, Inc., 2010) software function “FindMaximum”; and taking as 
the initial values:   0 0
1
1 ˆˆ
n
i
i
x
n
 

  ,  where 0ˆ 0   for the one-parameter model, and 0 minˆ x   
(the sample minimum) in the case of two-parameter distribution, which are the maximum 
likelihood estimators. 
 Kolmogorov–Smirnov test method based on bootstrap resampling: 
The null hypothesis to test is H0: the data follow the one-parameter (or two-parameter) 
exponential model. 
The goodness-of-fit statistic used is the Kolmogorov-Smirnov (KS) statistic, given respectively 
by  
   
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n n i i
n n i i
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The procedure is as follows (Prieto et al, 2014; Clauset et al., 2009): calculate the empirical KS 
statistic for the observed data; generate, by simulation, enough synthetic data sets (in this study, 
we generated 10000 data sets), with the same sample size n as the observed data; fit each 
synthetic data set by nonlinear least squares method and obtain its theoretical cdf; calculate the 
KS statistic for each synthetic data set – with its own theoretical cdf; calculate the p-value as the 
fraction of synthetic data sets with a KS statistic greater than the empirical KS statistic; and 
exponential model can be ruled out if 0.05p value  . 
 
Appendix B: Datasets 
Table B1 - Total income, expressed in US dollar ($), and the corresponding empirical cumulative distribution 
function, for people with income in U.S, in the year 2012, published by U.S. Bureau of Census. 
x 2500 4999 7499 9999 12499 14999 17499 19999 22499 24999 27499 29999 32499 
F(x) 0.0578 0.0903 0.1325 0.1858 0.2466 0.2903 0.3435 0.3829 0.4340 0.4659 0.5088 0.5340 0.5787 
 
x 34999 37499 39999 42499 44999 47499 49999 52499 54999 57499 59999 62499 64999 
F(x) 0.5980 0.6327 0.6509 0.6854 0.6990 0.7237 0.7378 0.7673 0.7773 0.7934 0.8015 0.8225 0.8298 
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x 67499 69999 72499 74999 77499 79999 82499 84999 87499 89999 92499 94999 97499 
F(x) 0.8434 0.8498 0.8645 0.8697 0.8804 0.8849 0.8959 0.8999 0.9063 0.9098 0.9178 0.9210 0.9248 
 
x 99999 149999 199999 249999 
F(x) 0.9275 0.9722 0.9863 0.9918 
 
Table B2 – Total individual income before tax, expressed in pound sterling (£), and the corresponding empirical 
cumulative distribution function, for taxpayers only, in U.K, in the period 2011-12, published by U.K. HM Revenue 
& Customs. 
x 7740 8000 8280 8560 8840 9150 9450 9740 10000 10200 10400 10700 10900 
F(x) 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 
 
x 11100 11300 11500 11700 12000 12200 12400 12600 12900 13100 13300 13500 13800 
F(x) 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 0.24 0.25 0.26 
 
x 14000 14300 14500 14700 15000 15200 15500 15800 16000 16300 16300 16800 17100 
F(x) 0.27 0.28 0.29 0.30 0.31 0.32 0.33 0.34 0.35 0.36 0.37 0.38 0.39 
 
x 17400 17600 17900 18200 18500 18800 19100 19400 19700 20000 20300 20700 21000 
F(x) 0.40 0.41 0.42 0.43 0.44 0.45 0.46 0.47 0.48 0.49 0.50 0.51 0.52 
 
x 21300 21700 22100 22400 22800 23200 23600 24000 24400 24900 25300 25800 26300 
F(x) 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.60 0.61 0.62 0.63 0.64 0.65 
 
x 26800 27300 27800 28400 29000 29500 30100 30800 31400 32100 32800 33600 34400 
F(x) 0.66 0.67 0.68 0.69 0.70 0.71 0.72 0.73 0.74 0.75 0.76 0.77 0.78 
 
x 35200 36000 36900 37900 39000 40000 41100 42200 43400 44800 46400 48300 50500 
F(x) 0.79 0.80 0.81 0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.90 0.91 
 
x 53200 56500 60700 66200 74100 85500 104000 147000 
F(x) 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 
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